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BLOCKS OF REPRESENTATIONS OF LIE ALGEBRAS
DONALD W. BARNES
Abstract. In the theory of finite groups, the irreducible representations of G
over a field F are classified into blocks based on a direct decomposition of the
group algebra FG. This gives a natural decomposition of FG-modules into di-
rect summands, each summand having all its composition factors belonging to
a single block. This block decomposition is the finest natural decomposition
of the FG-modules. In this paper, a classification of the irreducible repre-
sentations of a finite dimensional Lie algebra L into blocks is defined, giving
the finest natural direct decomposition of L-modules. This classification is
investigated for supersoluble Lie algebras.
1. Introduction
In the theory of finite groups, the irreducible representations of G over a field
F are classified into blocks based on a direct decomposition of the group algebra
FG. This gives a natural decomposition of FG-modules into direct summands,
each summand having all its composition factors belonging to a single block. This
block decomposition is the finest natural decomposition of the FG-modules. It is
only of interest when the characteristic of F divides the order of G as otherwise, FG
is semisimple and all representations are completely reducible. This is also the case
for semisimple Lie algebras over a field F of characteristic 0, but for non-semisimple
Lie algebras, the situation is more interesting even when F is algebraically closed
of characteristic 0.
Blocks have already been defined for restricted Lie algebras (L, [p]) using the
c-restricted enveloping algebra (see Feldvoss [12]) or as in Definition 1.1 below by
way of algebraic group schemes (see Jantzen [13, §7.1, p. 282]). Decomposition
of the c-reduced enveloping algebras u(L, c) classifies into blocks those irreducible
modules which have a character. Every irreducible module has a character if F is
algebraically closed. Where it is defined, this gives the same classification as the
linkage definition (Definition 1.1).
In this paper, F is a field and L is a finite-dimensional Lie algebra over F . All
L-modules considered are finite-dimensional. The set of (isomorphism types of)
irreducible representations is partitioned into subsets called blocks. In contrast to
the group case, there may be infinitely many blocks.
If the blocks are to give natural direct decompositions of L-modules, then two ir-
reducible representations which appear as composition factors of an indecomposable
module must be in the same block. The following definition makes this relationship
transitive. Allowing n = 0 ensures that it is reflexive. It is clearly symmetric.
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Definition 1.1. Let A,B be irreducible L-modules. We say that A and B are in
the same block if there exists a sequence A = A0, A1, . . . , An = B of irreducible
modules and a sequence X1, . . . , Xn of non-split extensions Xi either of Ai−1 by Ai
or of Ai by Ai−1.
Suppose A and B are irreducible L–modules in different blocks. Then any ex-
tension of A by B or of B by A splits. It follows that any composition series of a
module V can be rearranged using these splittings, to give a composition series with
all the factors in some block B grouped together at the bottom (or if desired, at the
top). Thus V has a direct summand B(V ), all of whose composition factors are in
B while V/B(V ) has no composition factors in B. We call B(V ) the B-component
of V . It is clear that this decomposition of L-modules V into components is natural
and is the finest natural decomposition. The field F is an L-module with the action
given by xλ = 0 for all x ∈ L and λ ∈ F . We denote by B0 the block containing
this module and call it the principal block.
If in Definition 1.1, we allow Xi to be any indecomposable module having both
Ai−1 and Ai as composition factors, we do not change the blocks though we may
shorten the length of the sequence required to link two members of a block. A
module containing, as composition factors, members of two different blocks cannot
be indecomposable.
For a restricted Lie algebra(L, [p]), as pointed out in Feldvoss [12], the classifi-
cations of u(L, c)-modules into blocks by the decomposition of u(L, c) and by the
linkage definition are the same. Our linkage definition uses U(L)-modules. Sup-
pose that X is a non-split extension of W by V as U(L)-module which is not a
u(L, c)-module. Since u(L, c) is the quotient of U(L) by the ideal generated by
the elements ap − a[p] − c(a)p1, this implies that for some a ∈ L, the action of
ap − a[p] − c(a)p1 maps X into W but is not zero. Thus we have a non-zero map
f : V → W given by f(v) = (ap − a[p] − c(a)p1)(v +W ). Since ap − a[p] − c(a)p1
is in the centre of U(L), f is an isomorphism. Thus the existence of X does not
affect the linkage classification.
It is an immediate consequence of the definition that, if V,W are irreducible
modules in different blocks, then Ext1L(V,W ) = 0 and in particular, if V 6∈ B0, then
H1(L, V ) = 0. For finite groups, the block decompositions are given by the direct
decomposition of the group algebra, and so are not restricted to finite dimensional
modules. This does not carry over to Lie algebras. The universal enveloping algebra
is indecomposable. Consequently, we cannot use the identification of equivalence
classes of n-extensions, exact sequences
0→ V → X1 → · · · → Xn →W → 0,
with elements of ExtnL(V,W ) to conclude Ext
n
L(V,W ) = 0 for V,W irreducible
modules in different blocks.
Lemma 1.2. Let K⊳L and suppose V,W are L/K-modules in the same L/K-block.
Then V,W are in the same L-block.
Proof. If X1, . . . , Xn is a sequence of non-split L/K-module extensions linking V
to W as in Definition 1.1, then it also a sequence of non-split L-module extensions
showing that V and W are in the same L-block. 
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Note that the converse is not true. If L = 〈a, b〉 with ab = b and K = 〈b〉, then L
is a non-split L-module extension of the L/K module K by the L/K-module L/K,
so these modules are in the same L-block, but they are in different L/K-blocks.
There are some cases for which the blocks are known. If L is nilpotent, or
in characteristic 0, the direct sum of a semisimple and a nilpotent algebra, then
each block contains only one irreducible module. Conversely, if the principal block
contains only the one irreducible module, then the algebra is nilpotent if char(F ) =
p 6= 0 or the direct sum of a semisimple and a nilpotent algebra if char(F ) = 0. (See
Barnes [2].)This is analogous to the group theory result that, if the principal p-block
of the group G contains only the trivial representation, then G is p-nilpotent. (See
Curtis and Reiner [11, p. 610, Exercise 1].)
Other examples of natural direct decompositions are known. If F is a saturated
formation of soluble Lie algebras and S ∈ F is a subnormal subalgebra of L, then
every L-module V is the direct sum V = V0 ⊕ V1 with the direct summands V0
F-hypercentral and V1 F-hypereccentric as S-modules. See [4, Theorem 4.4] and
[5, Lemma 1.1]. Even in trivial cases, this decomposition is coarser than the block
decomposition. For any L-module V and automorphism α of L, we have the module
V α conjugate to V with action of x ∈ L on V α the action of α(x) on V . If V is
F-central, then so is V α, so they are treated the same in this decomposition, but
they need not be in the same block. For example, if L = 〈e〉 and V (λ) = 〈v〉 with
action ev = λv, then all V (λ) with λ 6= 0 are conjugate. However, distinct values of
λ give distinct modules and distinct blocks. For further examples, see Strade and
Farnsteiner [14, Theorem 5.2.6, p. 210] and Barnes [7, Theorem 4.1].
Suppose N is a nilpotent subnormal subalgebra of L. If V is an irreducible L-
module, then all its composition factors as N -module are isomorphic. From [2], it
follows that if V and W are irreducible L-modules in the same block, then their
N -module composition factors are isomorphic. In particular, if N ⊳L and is in the
kernel of V , then it is also in the kernel of W . Denote the nil radical of L by N(L).
Lemma 1.3. Let V be an irreducible module in B0(L). Then N(L)V = 0.
Proof. We have N(L)F = 0. 
Lemma 1.4. Suppose that V is a irreducible L-module which is not in B0(L). Then
H1(L, V ) = 0.
Proof. As V /∈ B0(L), every extension of V by F splits, so H
1(L,Hom(F, V )) = 0.
But Hom(F, V ) ≃ V . 
Lemma 1.5. Let V,W be L-modules. Then the evaluation map
ǫ : V ⊗Hom(V,W )→W
given by ǫ(v ⊗ f) = f(v) is a module homomorphism.
Proof. For x ∈ L, x(v ⊗ f) = xv ⊗ f + v ⊗ xf , ǫ(v, xf) = (xf)(v) = xf(v)− f(xv)
and xǫ(v ⊗ f) = ǫ(x(v ⊗ f)). 
Theorem 1.6. Suppose V,W are irreducible L-modules and that there exists a non-
split extension of W by V . Then W is a quotient of V ⊗A for some A ∈ B0(L).
Proof. Since H1(L,Hom(V,W )) 6= 0, Hom(V,W ) must have some composition fac-
tor in B0(L). Let B be the B0-component of Hom(V,W ) in its block decomposi-
tion. Then B 6= 0. Take a minimal submodule A ⊆ B. Then ǫ(V ⊗ A) 6= 0, so
ǫ(V ⊗A) =W . 
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Denote the dual Hom(V, F ) of V by V ∗.
Lemma 1.7. Suppose V ∈ B0. Then V
∗ ∈ B0.
Proof. There exists a sequence F = A0, A1, . . . , An = V of irreducible modules and
a sequence X1, . . . , Xn of non-split extensions Xi either of Ai−1 by Ai or of Ai
by Ai−1. Dualising this gives a sequence F = A
∗
0, A
∗
1, . . . , A
∗
n = V
∗ of irreducible
modules and a sequence X∗1 , . . . , X
∗
n of non-split extensionsX
∗
i either of A
∗
i by A
∗
i−1
or of A∗i−1 by A
∗
i . 
We have a dual to Theorem 1.6.
Theorem 1.8. Suppose L is a Lie algebra and let V,W be irreducible L-modules.
Suppose Ext1L(V,W ) 6= 0. Then V is a submodule of A⊗W for some A ∈ B0.
Proof. We have Hom(V ⊗ A,W ) ≃ Hom(V,Hom(A,W )) ≃ Hom(V,A∗ ⊗W ) for
any L-module A. By Theorem 1.6, there exists A ∈ B0 and a non-zero L-module
homomorphism φ : V ⊗ A → W . But this can be regarded as a homomorphism
V → Hom(A,W ) or V → A∗ ⊗W . By Lemma 1.7, A∗ ∈ B0. 
Lemma 1.9. Let A be an abelian ideal of L. Let V,W be irreducible L-modules.
Suppose that AV = 0 and AW 6= 0. Then every extension of V by W or of W by
V splits.
Proof. By Barnes [2], the assumptions imply that V,W are in different blocks. 
2. Soluble Lie algebras
Suppose L is soluble. Let P be the set of complemented chief factors of L. By
[3, Theorem 1], for an irreducible L-module V , we have H1(L, V ) 6= 0 if and only
if V ∈ P , that is, is isomorphic to some complemented chief factor of L.
Theorem 2.1. Let V be a chief factor of the soluble Lie algebra L. Then V ∈ B0.
Proof. The result holds trivially if dim(L) = 1. I use induction over dim(L). Let A
be a minimal ideal of L. By induction, every chief factor of L/A is in the principal
block of L/A and so in the principal block of L. Let B/A be a minimal ideal of
L/A. Consider B as L-module. Then B/A is in the principal block of L. If A is
not in the principal block, then B splits over A as L-module. Thus there exists an
ideal K of L which complements A in B. Then A ≃ B/K is in the principal block
of L/K and so also of L. 
For algebras over a field F of characteristic 0, we have a stronger result. Denote
the radical of L by R(L).
Theorem 2.2. Let L be a Lie algebra over a field F of characteristic 0. Then
every chief factor A/B of L with A ⊆ R(L) is in B0(L).
Proof. Let R = R(L). We use induction over dim(R). The result holds trivially if
dim(R) = 0. Suppose that R is an irreducible L-module. If R ≃ F , then R ∈ B0,
so we may suppose that R 6≃ F . We calculate H1(L,R) using the Hochschild-Serre
spectral sequence. By the Whitehead Lemmas, Hα(L/R,R) = 0 for all α. It follows
that H1(L,R) = H1(R,R)L = HomL(R,R) 6= 0. By Lemma 1.4, R ∈ B0(L).
We now use induction over dim(R). Let A ⊂ R be a minimal ideal of L. If
A ∈ B0(L/A), then A ∈ B0(L) by Lemma 1.2, so suppose that A /∈ B0(L/A).
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Let B/A be a minimal ideal of L/A with B ⊆ R. By induction, B/A ∈ B0(L).
If A /∈ B0(L), then the L-module B splits over A and there exists an ideal K
of L with K ∩ A = 0 and K + A = B. But by induction, B/K ∈ B0(L). So
A ≃ B/K ∈ B0(L). 
For a simple (non-abelian) Lie algebra over a field of characteristic 0, every
module is completely reducible, so the adjoint module is not in the principal block.
This raises the question: does every chief factor of L being in the principal block
imply that L is soluble? This is false, whatever the field.
Example 2.3. Let S be a simple (non-abelian) Lie algebra over any field F . Let V
be the adjoint module and let V ∗ = Hom(V, F ). Put Z = 〈z〉 made into a module
by setting xz = 0 for all x ∈ S. We make N = V ⊕ V ∗ ⊕ Z into a Lie algebra by
setting V V = 0, V ∗V ∗ = 0 and vf = f(v)z for v ∈ V and f ∈ V ∗. Let L be the split
extension of N by S. Then N is an indecomposable L-module with composition
factors V, V ∗ and Z ≃ F . Thus all chief factors of L are in the principal block but
L is not soluble.
Lemma 2.4. Suppose L is soluble. Let V be an L-module. Suppose H1(L, V ) = 0.
Then V L = 0.
Proof. If dim(L) = 1, the result holds by direct calculation. We use induction over
dim(L). Let N be a minimal ideal of L. The sequence
0→ H1(L/N, V N )→ H1(L, V )→ . . .
is exact, soH1(L/N, V N ) = 0 and by induction, (V N )L/N = 0, that is, V L = 0. 
Corollary 2.5. Suppose L is soluble. Let V be any non-zero L-module. Then there
exists a non-split extension of V by V .
Proof. Hom(V, V )L 6= 0. 
Theorem 2.6. Let C be the set of chief factors of the soluble Lie algebra L and
their duals. Let V be an irreducible L-module in B0(L). Then V is a composition
factor of some tensor product C1 ⊗ · · · ⊗ Ck of modules Ci ∈ C.
Proof. By induction over the length of the sequence linking V to F , we may suppose
that we have a non-split extensionX of V byW or ofW by V withW a composition
factor of some tensor product of modules in C. Since for modulesM,N , (M⊗N)∗ ≃
M∗ ⊗ N∗, by Lemma 1.7, we need only consider the case where X is a non-split
extension of V by W .
Let A be a minimal ideal of L. By Lemma 1.3, V andW are L/A-modules. If X
also is an L/A-module, then V,W are in the same L/A-block and by Theorem 1.6,
V is a quotient of B ⊗W for some B ∈ B0(L/A). But by induction over dim(L),
B is a composition factor of some tensor product of chief factors of L/A and their
duals. Thus the result holds in this case.
Now suppose that no non-split L/A-module extension of V by W exists. Then
H1(L/A,Hom(W,V )) = 0. That is, H1(L/A,Hom(W,V )A) = 0. But X is a
non-split L-module extension of V by W , so H1(L,Hom(W,V )) 6= 0 and we must
have H1(A,Hom(W,V ))L 6= 0. But A is abelian and acts trivially on Hom(W,V ),
so H1(A,Hom(W,V )) = Hom(A,Hom(W,V )) and it follows that we have a non-
zero L-module homomorphism f : A → Hom(W,V ). Then f(A) is a nonzero
submodule of Hom(W,V ) and the evaluation map ǫ maps f(A)⊗W onto V . The
result follows. 
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3. Principal block modules 1-dimensional.
In this section, we consider algebras L with the property that all irreducible
modules in the principal block are 1-dimensional.
Lemma 3.1. Suppose that L is supersoluble. Then every irreducible module V ∈
B0(L) is 1-dimensional.
Proof. Denote by U the saturated formation of supersoluble algebras. Any 1-
dimensional L-module A is U-central, while any irreducible L-module B of dimen-
sion > 1 is U-eccentric. Consequently, any extension of A by B or of B by A must
split. The result follows. 
Lemma 3.2. Let L = S ⊕ U be an algebra over a field of characteristic 0, where
S is semisimple and U is supersoluble. Then every L-module in the principal block
has dimension 1.
Proof. Suppose that X is an indecomposible L-module with irreducible submodule
W and X/W 1-dimensional. If SX = 0, then X is indecomposible as U -module
and it follows that dim(W ) = 1. If SX 6= 0, then A = {x ∈ X | Sx = 0} is an
L-submodule. If A =W , then S acts nilpotently on X , which implies that SX = 0.
Therefore A +W = X contrary to X being indecomposible. Applying this to the
dual modules gives also that if X is indecomposible with X/W irreducible and
dim(W ) = 1, then dim(X/W ) = 1. Thus any chain of indecomposible modules
linking F to a module V in the principal block must have all the dim(Xi) = 2 and
so dim(V ) = 1. 
The following theorem was suggested by a result of Voigt [15, Satz 2.5, p. 82].
Theorem 3.3. Suppose that every irreducible module in B0(L) is 1-dimensional.
Suppose that the irreducible L-modules V,W are in the same block. Then dim(V ) =
dim(W ).
Proof. Let A,B be irreducible L-modules. Suppose that X is a non-split extension
of B by A. By Theorem 1.6, there exists P ∈ B0(L) and an epimorphism ǫ :
P ⊗ A→ B. But dim(P ) = 1. It follows that dim(B) ≤ dim(A). Applying this to
X∗, B∗, A∗, we get dim(A) ≤ dim(B). It follows that all the irreducibles in a chain
linking V to W have the same dimension. 
Theorem 3.4. Suppose that every irreducible module in the principal block of L is
1-dimensional.
(1) If char(F ) = 0, then L = S⊕U where S is semisimple and U is supersoluble.
(2) If char(F ) 6= 0, then L is supersoluble.
Proof. Using the block decomposition of the L-module L, we obtain that L = S⊕U
where U is the principal component and S is the sum of the other components. Then
S and U are ideals of L. Every chief factor of U is an irreducible L-module in the
principal block, so U is supersoluble. If S′ 6= S, then there exists M ⊃ S′ with
M maximal in S. Then S/M ≃ F as L-module, contrary to U being the principal
component. Therefore S′ = S. It follows that, if V is an irreducible in the principal
block, then SV = 0. Any module in the principal L/U -block is also in the principal
L-block by Lemma 1.2. It follows that F is the only irreducible module in the
principal S-block. By Barnes [2], S is nilpotent if char(F ) 6= 0, semisimple direct
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sum nilpotent if char(F ) = 0. Since S′ = S, we have S = 0 if char(F ) 6= 0, and S
semisimple if char(F ) = 0. 
For any Lie algebra L, if V is an irreducible L-module not in the principal block,
we have H1(L, V ) = 0. For the algebras of Theorem 3.4 , we have a stronger result.
In its proof,we use Theorem 4.2 proved below, independently of this result. For any
linear map λ : L → F with λ(L′) = 0, we have a 1-dimensional module Fλ with
action xv = λ(x)v for all x ∈ L and v ∈ Fλ.
Theorem 3.5. Suppose that all irreducible modules in B0(L) are 1-dimensional.
Let V be an irreducible L-module which is not in B0(L). Then H
n(L, V ) = 0 for
all n.
Proof. Consider first the case where L is supersoluble. By [1, Theorem 3], we
can assume dim(V ) = 1. Thus V ≃ Fµ for some µ : L → F . If V is faithful,
the result holds, so we may take some minimal ideal A ⊆ ker(V ). As L-module,
A ≃ Fλ for some λ : L → F . By induction, we have H
α(L/A, V ) = 0. Now
H1(A, V ) = Hom(A, V ) ≃ Fµ−λ. If Fµ−λ is in the principal block, then by Theorem
4.2, so is Fµ contrary to hypothesis. By induction, we haveH
α(L/A,H1(A, V )) = 0.
Since Hβ(A, V ) = 0 for β > 1, we have Hα(L/A,Hβ(A, V )) = 0 for all α, β and
the result holds.
Now suppose that char(F ) = 0, L = S ⊕ U where S is semisimple and U is
supersoluble. All composition factors of V as S-module are isomorphic. If S acts
non-trivially on a composition factor A, then Hβ(S,A) = 0 for all β by Whitehead’s
Theorem, and it follows that Hβ(S, V ) = 0. Thus Hα(L/S,Hβ(S, V )) = 0 for all
α, β and so Hn(L, V ) = 0 for all n. So suppose that S acts trivially on every
composition factor A, then V S 6= 0 and it follows that SV = 0. If V ∈ B0(U) =
B0(L/S), then V ∈ B0(L) contrary to assumption. Therefore V /∈ B0(U) and
Hβ(U, V ) = 0 for all β. This implies that Hn(L, V ) = 0 for all n. 
4. Supersoluble Lie algebras
Theorems 1.6 and 1.8 clearly restrict the blocks, but their effect is not in general
clear without knowledge of the structure of tensor product modules. The situation
is much clearer if L is supersoluble.
IfW is an irreducible L-module, then Fλ⊗W is also irreducible since F−λ⊗Fλ⊗
W ≃ W . If L is supersoluble, then every member of P (the set of complemented
chief factors of L) is some Fλ. We note that, by Theorem 3.3, if A,B are irreducible
L-modules in the same block, then dim(A) = dim(B).
We are now in a position to determine the blocks of 1-dimensional modules for
a supersoluble Lie algebra . It is important in the following to remember that λ, µ
are homomorphisms L→ F . We have Fλ ⊗ Fµ = Fλ+µ and Hom(Fλ, Fµ) = Fµ−λ.
Lemma 4.1. Suppose L is supersoluble. Then there exists a non-split extension of
Fλ+µ by Fµ if and only if Fλ ∈ P.
Proof. We have
Ext1L(Fµ, Fλ+µ) = H
1(L,Hom(Fµ, Fλ+µ) = H
1(L, Fλ)
which, by Barnes [3, Theorem 1], is non-zero if and only if Fλ ∈ P . 
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Suppose L is supersoluble and let λ1, . . . , λk be the representations on the com-
plemented chief factors of L. Let Λ be the set of all integer linear combinations
r1λ1 + · · ·+ rkλk, ri ∈ Z of the λi.
Theorem 4.2. Let L be a supersoluble Lie algebra. Then the block containing Fµ
is the set of all Fλ+µ for λ ∈ Λ. In particular, B0 = {Fλ | λ ∈ Λ}.
Proof. There exists a non-split extension of Fµ by Fµ′ if and only if µ−µ
′ = λi for
some i. The result follows. 
It is now clear that ifW is an irreducible module for the supersoluble Lie algebra
L, then the block containing W is contained in the set {Fλ ⊗W | λ ∈ Λ}.
Lemma 4.3. Suppose L is supersoluble and that W is an irreducible L-module.
Suppose that L′ ⊆ ker(W ). Then the block containing W is {Fλ ⊗W | λ ∈ Λ}.
Proof. We prove that H1(L,Hom(W,Fλ ⊗W )) 6= 0 if Fλ ∈ P . The result then
follows.
Let T = Hom(W,Fλ ⊗ W ). Then L
′ ⊆ ker(T ), so T can be regarded as an
L/L′-module. Since L/L′ is abelian, T is the direct sum of submodules, each with
only one type of composition factor. Let Tλ be the summand whose composition
factors are isomorphic to Fλ. Let e be some fixed non-zero element of Fλ and let
i :W → Fλ ⊗W be the linear map i(w) = e⊗ w. Then
(xi)(w) = x(e ⊗ w)− i(xw) = λ(x)e ⊗ w = λ(x)i(w),
so i ∈ Tλ. Put I = 〈i〉. Then I is a submodule of Tλ and H
1(L, I) 6= 0 since I ∈ P .
We have the cohomology exact sequence
· · · → H0(L, Tλ/I)→ H
1(L, I)→ H1(L, Tλ)→ . . . .
The result holds by Corollary 2.5 if λ = 0, so we may suppose λ 6= 0. Then
H0(L, Tλ/I) = (Tλ/I)
L = 0, so the map H1(L, I) → H1(L, Tλ) is injective. Thus
H1(L, Tλ) 6= 0 and it follows that H
1(L,Hom(W,Fλ ⊗W )) 6= 0. 
If char(F ) = 0, then L′ ⊆ ker(W ) for every irreducible L-module W , so this
completes the classification of the irreducible L-modules into blocks in this case.
If char(F ) = p 6= 0, an interesting new phenomenon arises, illustrated by the
following example.
Example 4.4. Suppose char(F ) = p. Let L = 〈a, b | ab = b〉. Then B0 is the set
of L-modules Vr = 〈e | ae = re, be = 0〉 for r ∈ Fp = Z/pZ. Let W = 〈wi | i ∈ Fp〉
with the action awi = iwi, bwi = wi+1. Then the linear map φr : W → Vr ⊗W
given by φr(wi) = e ⊗ wi−r is an isomorphism. Thus W is the only member of its
block.
Such isomorphisms arise whenever we have a non-central 1-dimensional ideal
acting non-trivially on an irreducible L-module.
Lemma 4.5. Let A = 〈a〉 be an ideal of L giving the representation λ. Let V be
an L-module on which a acts invertibly. Then V ⊗ Fλ ≃ V .
Proof. Consider the map φ : V ⊗ Fλ → V given by φ(v ⊗ 1) = av. Then
xφ(v ⊗ 1) = x(av) = (xa)v + a(xv) = λ(x)av + a(xv) = φ(x(v ⊗ 1)).
Thus φ is a module homomorphism. As a acts invertibly, φ is surjective. Therefore
φ is an isomorphism. 
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Lemma 4.6. Suppose θ : V → Fλ ⊗ V is an isomorphism. Then ker(V ) ⊆ ker(λ).
Proof. Suppose that x ∈ ker(V ), x /∈ ker(λ). For v ∈ V , v 6= 0 we have v′ ∈ V such
that θ(v′) = 1⊗ v. Then xv′ = 0, but x(1⊗ v) = λ(x)⊗ v 6= 0. 
In the following, (L, [p]) is a restricted Lie algebra over the perfect field F , L is
supersoluble and V is an irreducible L-module on which L′ acts non-trivially. Let
λ be the representation on a chief factor of L. We denote the algebraic closure of
F by F¯ and put V¯ = F¯ ⊗F V .
Lemma 4.7. Let K be the kernel of λ. Then K is a [p]-subalgebra of L.
Proof. Let A/B be the chief factor giving the representation λ. For k ∈ K we have
ad(k)A ⊆ B, so ad(k)pA ⊆ B. Therefore x[p]A ⊆ B. 
Let W be a minimal K-submodule of V . We relate V to an induced module
IndLK(W, f) as defined in Barnes [8]. By Barnes [7, Theorem 3.4], the characters
in the cluster C = Cl(V ) are all conjugate. Consider the character decomposition
V¯ = ⊕c∈C V¯c. Let {v1, . . . , vn} be a basis of V . An element v =
∑
λivi of V¯ is in
V if and only if the λi ∈ F . Since F is perfect, this is equivalent to λ
α
i = λi for all
automorphisms α of F¯ /F .
Let Fc be the field extension generated over F by the c(x) ∈ F¯ for x ∈ L
and let Lc = Fc ⊗F L. If d = deg(Fc/F ), then c has d distinct conjugates and
dim(V ) = dimF¯ V¯ = d dimF¯ V¯c. But V¯c is the solution space over F¯ of the equations
(φ(x) − c(x)p)v = 0 for x ∈ L. These equations have coefficients in Fc, so have
a solution space over Fc of elements
∑
i λivi with λi ∈ Fc of the same dimension.
Denote this space by Vc. For an element v ∈ Vc, if for some automorphism α of
F¯ /F , we have vα ∈ Vc, then c
α = c, α fixes Fc pointwise and so v
α = v. Thus such
an element v has exactly d conjugates. Denote by ν(v) the sum of these conjugates.
Then ν(v)α = ν(v) for all α, so ν(v) ∈ V .
Lemma 4.8. Suppose that (L, [p]) is a restricted Lie algebra over the perfect field
F and that V is an irreducible L-module. Let c ∈ Cl(V ). Then Vc is an irreducible
Lc-module.
Proof. Suppose that W 6= 0 is a submodule of Vc. Then ν(W ) is an L-submodule
of V , so ν(W ) = V . Let d = deg(Fc/F ). Then dimF (W ) = d dimFc(W ). The map
ν : W → V is F -linear and bijective, so dimFc(W ) = dim(V )/d = dimF¯ (V¯c) =
dimFc(Vc). Therefore W = Vc. 
Lemma 4.9. Suppose that F is perfect, that (L, [p]) is a restricted Lie algebra, L is
supersoluble, and that V is an irreducible L-module on which L′ acts non-trivially.
Suppose λ : L→ F is the representation on some chief factor of L. Let K = ker(λ).
Suppose that as K-module, V is reducible. Then V ⊗ Fλ ≃ V .
Proof. By Lemma 4.7,K is a [p]-subalgebra of L. LetW be a minimalK-submodule
of V . Let C = Cl(V ). Let {e0, . . . , en} be a basis of L with {e1, . . . , en} a basis
of K. Let fi(τ) ∈ F [τ ] be the minimal polynomial of the action of e
p
i − e
[p]
i on V .
We form the f -restricted enveloping algebras u(L, f), u(K, f |K) of L and K. Put
I = u(L, f)⊗u(K,f |K)W . Let r be the degree of f0(τ). Then dim(I) = rp dim(W ).
Note that for c ∈ C, (τ − c(x0)
p) occurs only once as a factor of f0(τ).
We have a homomorphism θ : I → V such that θ(1 ⊗ w) = w for all w ∈ W .
Extending the field, we have θ¯ : I¯ → V¯ which respects the character decompositions
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of I¯ and V¯ . Thus θ¯(I¯c) ⊆ V¯c. Since by Lemma 4.8, Vc is irreducible, the map
θc = θ¯|Ic → Vc is surjective. But Ic is the c-induced module Ind
Lc
Kc
(Wc, c) and so
has dimension p dim(W ).
Since Fλ ⊗ W ≃ W , for each r ∈ N, we have a homomorphism θ
r : I →
V r = Frλ ⊗ V with θ
r(1 ⊗ w) = w for w ∈ W . Thus θrc : Ic → V
r
c is surjec-
tive. If V 0c , . . . , V
p−1
c are non-isomorphic modules, then Ic is the direct sum of p
non-isomorphic modules, each of dimension dim(W ). This implies that Wc = Vc
contrary to the assumption that V is reducible as K-module. So suppose that
V rc ≃ V
r+s
c with s 6≡ 0 mod p. Taking tensor product with F¯−rλ gives V¯
0
c ≃ V¯
s
c .
Thus V¯ 2sc = F¯sλ ⊗ V¯
s
c ≃ F¯sλ ⊗ V¯
0
c = V¯
0
c . It follows that V¯c ≃ V¯
rs
c for all r. We can
take r such that rs ≡ 1 mod p. Thus there exists an isomorphism φ¯c : V¯c → F¯λ⊗V¯c.
Putting these together, we have an isomorphism φ¯ : V¯ → F¯λ⊗ V¯ . Elements invari-
ant under automorphisms of F¯ /F map to invariant elements, so φ¯ maps V onto
Fλ ⊗ V . 
Theorem 4.10. Suppose that F is perfect, that L is supersoluble and that V is
an irreducible L-module on which L′ acts non-trivially. Suppose that λ : L → F
is the representation on some chief factor of L. Let K = ker(λ). Suppose that as
K-module, V is reducible. Then V ⊗ Fλ ≃ V .
Proof. Let (Le, [p]) be a minimal p-envelope of L. The action on V can be extended
to make V into an Le-module. Let K [p] be the [p]-closure of K. Let W be a K-
submodule of V . Consider the character decomposition of V¯ . For k ∈ K and
character c, ρ(k)p − ρ(k[p])− c(k)p maps W¯c into W¯c. It follows that ρ(k
[p]) maps
W¯c into W¯c and so, that ρ(k
[p]) maps W¯ into W¯ . But ρ(x[p]) also maps V into
V , so it follows that ρ(k[p]) maps W into W . Thus W is a K [p]-submodule of V .
Since V is reducible as K-module, it follows that V is reducible as K [p]-module.
The chief factor A/B of L giving the representation λ is also a chief factor of Le.
the result follows by Lemma 4.9. 
For such an isomorphism to exist, we must have ker(V ) ⊆ ker(λ). The assump-
tions of Theorem 4.10 ensure this condition. If ker(V ) 6⊆ K, then ker(V ) +K = L
and K/K ∩ ker(V ) ≃ L/ ker(V ), so V is irreducible as K-module.
Lemma 4.11. Suppose F is algebraically closed, that (L, [p]) is a restricted Lie
algebra, L supersoluble, and that V is an irreducible L-module on which L′ acts
non-trivially. Suppose λ : L → F is a non-zero representation. Let K = ker(λ).
Suppose that V ⊗ Fλ ≃ V . Then as K-module, V is reducible.
Proof. Suppose that V is irreducible as K-module and let φ : V → V ⊗ Fλ be an
L-module isomorphism. The map v 7→ v⊗1 is a K-module isomorphism. Since V is
irreducible asK-module and F is algebraically closed, everyK-module isomorphism
V → V ⊗ Fλ is a scalar multiple of this. In particular, φ(v) = v ⊗ t for some fixed
t ∈ F . But this is not an L-module isomorphism. 
It is possible for a supersoluble restricted Lie algebra (L, [p]) to have a faithful
irreducible module which is irreducible as K-module where K is the kernel of the
representation on a chief factor of L as is shown by the following simple example.
Example 4.12. Let L = 〈t, x, y, z〉 with [t, x] = x, [t, y] = −y, [x, y] = z and
z central. Setting t[p] = t, x[p] = y[p] = z[p] = 0 makes (L, [p]) a restricted Lie
algebra. This is Feldvoss [12, Example 1], there called the diamond algebra. Let
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V = 〈v0, . . . , vp−1〉 with tvi = ivi, xvi = vi+1, yvi = −ivi−1 and zvi = vi. Let
K = 〈x, y, z〉. which is the kernel of the representation on the chief factor K/〈y, z〉.
Then V is irreducible as L-module and as K-module.
I now reduce the problem of determining for Fλ ∈ B0, if V and V ⊗ Fλ are in
the same block to the case where V is faithful.
Lemma 4.13. Suppose that (L, [p]) is a restricted Lie algebra with L supersoluble.
Let N = N(L). Then dimFp(Λ) = dim(L/N).
Proof. Take representations λ1, . . . , λk given by chief factors of L, which are linearly
independent over F with k as large as possible. Then for any representation λ on
a chief factor, λ =
∑
aiλi for some ai ∈ F . So, if x ∈ ker(λi) for all i, then
x ∈ ker(λ) for every representation λ on a chief factor, which implies that x ∈ N .
Therefore k = dim(L/N). Now consider λ ∈ Λ. Then λ =
∑
aiλi for some
ai ∈ F . But all representations in Λ are [p]-representations, λ(x)
p = λ(x[p]). Now
λ(x[p]) =
∑
aiλi(x
[p]). But λ(x[p]) = λ(x)p =
∑
api λi(x)
p =
∑
api λi(x
[p]). Since
the λi are linearly independent over F , we have a
p
i = ai, which implies that ai ∈ Fp.
Thus the λi form a basis of Λ over Fp. 
Lemma 4.14. Suppose that A is a minimal ideal of the supersoluble algebra L and
that the representation λ of L on A is not in the principal block of L/A. Then L
splits over A.
Proof. Let (Le, [p]) be a minimal p-envelope of L. We can choose [p] such that
a[p] = 0 for a ∈ A. The chief factors of Le with non-trivial action are the non-
trivial chief factors of L. Therefore A /∈ B0(L
e/A). Let N/A be the nil radical
of Le/A. Since λ /∈ B0(L
e/A), dim(Le/N) < dim(Le/N(Le)). Thus N is not
nilpotent, though N/A is nilpotent. Therefore A 6⊆ Φ(Le) and Le splits over A.
Therefore L splits over A. 
If A is an ideal of L, A ⊆ ker(V ) and λ ∈ B0(L/A), then we can reduce to
considering L/A since any chain of indecomposable L/A modules linking V to
V ⊗Fλ is also a chain of indecomposable L-modules. So we consider the case where
λ ∈ B0(L) but λ /∈ B0(L/A).
Lemma 4.15. Suppose that L is supersoluble, V an irreducible L module on which
L′ acts non-trivially and let A ⊆ ker(V ) be a minimal ideal of L. Let λ be the
representation of L on A. Suppose that λ /∈ B0(L/A). Then there exists a non-split
extension of Fλ ⊗ V by V .
Proof. By Lemma 4.14, L splits over A. Let M be a complement to A in L. Let
X = V ⊕ (Fλ ⊗ V ) as M -module. Take a ∈ A, a 6= 0. We define an action of L on
X by setting a(v, 1 ⊗ w) = (0, 1⊗ v). For m ∈M , we have
m(a(v, 1⊗ w)) = m(0, 1⊗ v) = (0, λ(m)⊗ v + 1⊗mv)
and
a(m(v, 1 ⊗ w)) = a(mv, λ(m)⊗ w + 1⊗mw) = (0, 1⊗mv)
while
(ma)(v, 1 ⊗ w) = λ(m)a(v, 1 ⊗ w) = λ(m)(0, 1⊗ v).
Thus X is an L module. Either V and Fλ ⊗ V are isomorphic M -modules, so also
isomorphic as L-modules and we have the result, or (V, 0) is the onlyM -submodule
of X isomorphic to V , in which case X cannot split as L-module. 
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Lemma 4.16. Suppose that F is perfect and that (Le, [p]) is a [p]-envelope of L.
Suppose that V is an irreducible Le-module. Then V is irreducible as L-module.
Proof. Suppose that W 6= 0 is an L-submodule of V . Let U ⊇ L be a subalgebra
of Le which is maximal subject to the condition UW ⊆W . We prove U = Le.
For any x ∈ Le, the minimal polynomial mx(τ) ∈ F [τ ] of the action of x
p − x[p]
is irreducible over F and has no repeated roots in F¯ . It follows that for c ∈ Cl(V ),
that (ρ(x)p − ρ(x[p] − c(x)p) annihilates the c-component V¯c of V¯ . For u ∈ U , we
have ρ(u)pW¯c ⊆ W¯c and c(u)
pW¯c ⊆ W¯c. It follows that ρ(u
[p])W¯c ⊆ W¯c. Thus
ρ(u[p])W ⊆W and soW is a module for the algebra generated by U and u[p]. From
the maximality of U , we have u[p] ∈ U . Thus U is a [p]-subalgebra. Since Le is a
[p]-envelope of L, we have U = Le, which implies W = V . 
Lemma 4.17. Let (Le, [p]) be a p-envelope of L and let V be an Le-module such
that V L = 0. Suppose that H1(Le, V ) 6= 0. Then H1(L, V ) 6= 0.
Proof. In the exact sequence, 0→ H1(Le/L, V L)→ H1(Le, V )→ H1(L, V )L
e
, we
have H1(Le/L, V L) = 0 and H1(Le, V ) 6= 0. Therefore H1(L, V ) 6= 0. 
Corollary 4.18. Suppose V,W are irreducible Le-modules and that there exists a
non-split Le-module extension of W by V . Then there exists a non-split L-module
extension of W by V .
Proof. If V ≃ W as L-modules, then by Corollary 2.5, there exists an L-module
non-split extension of W by V . If V 6≃ W , then Hom(V,W )L = 0 and the result
follows by Lemma 4.17. 
Lemma 4.19. Suppose that F is perfect. Let (Le, [p]) be a p-envelope of L. Let
V,W be irreducible Le-modules which are in the same Le-block. Then V,W are in
the same L-block.
Proof. There exists a sequence of irreducible Le-modules V = A0, A1, . . . , An =W
of irreducible modules and a sequence X1, . . . , Xn of non-split extensions Xi either
of Ai−1 by Ai or of Ai by Ai−1. By Lemma 4.16, the Ai are irreducible as L-
modules. By Corollary 4.18, there exist non-split L-module extensions Yi of Ai−1
by Ai or of Ai by Ai−1. 
Lemma 4.20. Suppose that F is algebraically closed. Let W = Fλ ⊗ V . Let N be
the nilpotent radical of L. Then N acts nilpotently on Hom(V,W ).
Proof. Let n ∈ N . Then 〈n〉 is subnormal in L, so all 〈n〉-composition factors of
V are isomorphic. As F is algebraically closed, this means that the action of n on
V has only one eigenvalue α say. As N ⊆ ker(λ), α is also the only eigenvalue of
the action of n on W . It follows that 0 is the only eigenvalue of the action of n on
Hom(V,W ) and the action of n on Hom(V,W ) is nilpotent. By Engel’s Theorem,
the action of N on Hom(V,W ) is nilpotent. 
Suppose that F is algebraically closed. Let (L, [p]) be a restricted Lie algebra
with L supersoluble. Let V be an irreducible L-module on which L′ acts non-
trivially and let Fλ ∈ B0(L). We use induction over dim(L) to prove that V and
V ⊗Fλ are in the same block. We suppose that L, V, λ is a counterexample with L
of least possible dimension. We may suppose that λ is the representation on some
complemented chief factor P/Q of L since B0(L) is spanned as Fp-vector space by
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such representations. Clearly, V is faithful. Trivially, dim(L) 6= 1. Also, by Lemma
4.5, dim(L) 6= 2. Since V is faithful irreducible and F is algebraically closed, the
centre Z(L) has dimension at most 1.
Let M complement P/Q and let C = CM (P/Q). Then C ⊳L and dim(L/C) = 2
with K = CL(P/Q) = C + P and K/C ≃ P/Q as L-module.
Lemma 4.21. C 6= Z(L).
Proof. Put Z = Z(L). If C = Z, then K is abelian and as L/K-module, is the
direct sum of the trivial module Z and a non-trivial module D ≃ K/C. But then
V ⊗ Fλ ≃ V by Lemma 4.5. 
Clearly, Z ⊂ C. There exists a non-central abelian ideal A of L with A ⊆ C, for
example an ideal A ⊃ Z with dim(A/Z) = 1. The module V has a character c. Let
σ : A→ F be an eigenvalue function for the action of A on V . Let V σ := {v ∈ V |
av = σ(a)v for all a ∈ A} and Lσ := {x ∈ L | xA ⊆ ker(σ)}. Then Lσ 6= L, V σ is
an irreducible Lσ-module and V = IndLLσ(V
σ, c) is the module c-induced from V σ.
If Lσ ⊆ ker(λ), then V ⊗Fλ ≃ V , so we may assume that L
σ 6⊆ ker(λ). Then Lσ+C
is a maximal subalgebra complementing K/C and we may replace M with Lσ+C.
Hence we may suppose M ⊇ Lσ. Put VM = Ind
M
Lσ(V
σ, c). Then V = IndLM (VM , c).
Since dim(L) = dim(M) + 1, we have dim(V ) = p dim(VM ).
Let µ ∈ B0(L). Then V ⊗ Fµ ≃ V as A-module. It follows that we can use the
same eigenvalue function σ, (V ⊗Fµ)
σ ≃ V σ and we obtain the same Lσ. Thus we
have V ⊗ Fµ = Ind
L
Lσ(V
σ, c) = IndLM (VM ⊗ Fµ, c).
Lemma 4.22. Let W1,W2 be irreducible M -modules with character c|M . Suppose
that there exists a non-split M -module extension X of W1 by W2. Then there exists
a non-split L-module extension of IndLM (W1, c) by Ind
L
M (W2, c).
Proof. We use the generalised induction construction developed in [8]. Take a basis
e0, . . . , en of L with e1, . . . en ∈ M . We choose a polynomial family f such that
f0(τ) = τ − c(e0)
p and such that X is a module for the f |M -reduced enveloping
algebra u(M, f |M). Then IndLM (Wi, f) = Ind
L
M (Wi, c) and Ind
L
M (X, f) is an ex-
tension of IndLM (W1, f) by Ind
L
M (W2, f). It contains an M -submodule 1⊗X ≃ X .
Since X is not split, IndLM (X, f) is not split. 
Lemma 4.23. In the minimal counterexample (L, V, λ), Fλ /∈ B0(M).
Proof. Suppose that Fλ ∈ B0(M). By induction, VM ⊗ Fλ is in the same M -block
as VM . Applying Ind
L
M ( , f) to the chain of irreducible modules and non-split
extensions linking VM to VM ⊗ Fλ gives a chain of irreducible L-modules and non-
split extensions linking V to V ⊗ Fλ. 
Theorem 4.24. Let L be a supersoluble Lie algebra over the algebraically closed
field F . Let V be an irreducible L-module. Then the block containing V is the set
of all V ⊗ Fλ for Fλ ∈ B0(L).
Proof. By Lemma 4.3, we may suppose that char(F ) = p 6= 0 and that L′ acts
nontrivially on V . By Corollary 4.18, we may suppose that we have a restricted
Lie algebra (L, [p]). We work with the minimal counterexample (L, V, λ) considered
above. By Lemma 4.23, Fλ /∈ B0(M).
Let N be the nilpotent radical of L. As module for the abelian algebra L/N ,
N/N ′ is the direct sum of its Fλ component U/N
′ and the sum P/N ′ of its other
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components. Here P,U ⊳L and dim(U/N ′) = 1. Let N ′ = N1 ⊃ N2 ⊃ · · · ⊃ Nk = 0
be a chain of ideals of L with dim(Nr/Nr+1) = 1. By induction over r, we show
that there exists another chain of ideals U = U1 ⊃ U2 ⊃ · · · ⊃ Uk such that
dim(Ur/Nr) = 1 and N/Nr = P/Nr ⊕ Ur. We have this for r = 1.
Suppose that we have Ur. We construct Ur+1. Let µ be the representation of L on
Nr/Nr+1. Let Ur/Nr+1 = 〈a, u〉. If Ur/Nr+1 is not abelian, then Ur/Nr+1 = 〈a, u〉
for some a ∈ Nr/Nr+1 with ua = a. For x ∈ L, x(ua) = λ(x)ua + u(µ(x)a) =
(λ+ µ)(x)a. But xa = µ(x)a, so λ = 0 contrary to hypothesis. Therefore Ur/Nr+1
is abelian.
Let D = CN (Ur/Nr+1). Suppose that D 6= N . Since NUr ⊆ Nr, dim(N/D) = 1.
Take n ∈ N/D, n 6= 0. Then 〈nu〉+Nr+1 = Nr. Let ν be the representation of L
on N/D. Since in any chief series of L, only one factor gives a representation not
in B0(M) and A ⊆ D, ν ∈ B0(M). But the action µ on Nr/Nr+1 is also the action
on nu which is ν + λ. Thus µ = ν + λ. Both µ, ν ∈ B0(M), so λ = µ− ν ∈ B0(M)
contrary to assumption. Therefore D = N and Ur/Nr+1 is an L/N -module. It
is the sum of its µ-component Nr/Nr+1 and its λ-component which we take as
Ur+1/Nr+1. This gives the ideal Ur+1 as required.
We now have the 1-dimensional ideal Uk giving the representation λ. By Lemma
4.5, V ⊗ Fλ ≃ V contrary to the assumption that they are not in the same block.
Thus there is no counterexample. 
Example 4.25. We again use the diamond algebra, L = 〈t, x, y, z〉 of Example
4.12 and [12, Example 1], with [t, x] = x, [t, y] = −y, [x, y] = z, [z, L] = 0 and
t[p] = t, x[p] = y[p] = z[p] = 0. Put A = 〈x, z〉. Then A is an abelian ideal of L. For
any irreducible L-module V , there is an eigenvalue function σ : A→ F and v0 ∈ V
such that av0 = σ(a)v0 for all a ∈ A. Putting V
σ = {v ∈ V | av = σ(a)v for all a ∈
A} and Lσ = {u ∈ L | uA ⊆ ker(σ)}, we have V = IndLLσ (V
σ, c) where c is the
character of V . (See [14, §5.7].) We apply this to the module Sµ of Feldvoss [12,
Example 1].
We have V = 〈b0, . . . , bp−1〉 with the action tbn = (µ−n)bn, xbn = nbn−1, ybn =
bn+1, zbn = bn with bp interpreted as 0. Then V has character c where c(x) =
c(y) = 0, c(z) = 1 and c(t) is the pth root of µp − µ. There is the eigenvalue
function σ : A → F with σ(x) = 0 and σ(z) = 1. Then ker(σ) = 〈x〉, V σ = 〈b0〉
and Lσ = 〈t, x, z〉.
Denote by Wµ the L
σ-module 〈wµ〉 ≃ V
σ and let Fλ be the L-module A/〈z〉
which is a complemented chief factor of both L and Lσ. We have Fλ ⊗ Wµ ≃
Wµ+1 and Fλ ⊗ Sµ ≃ Sµ+1. As HomF (Wµ,Wµ+1) ≃ Fλ, by [3, Theorem 1],
H1(Lσ,Hom(Wµ,Wµ+1)) 6= 0. Explicitly, we have the cocycle γ : L
σ → Fλ with
γ(x) = 1, γ(t) = γ(y) = 0. This is not a coboundary and constructs the module
extension G = 〈g0, g1〉 of Wµ+1 by Wµ with action tg0 = µg0, tg1 = (µ + 1)g1,
xg0 = g1, xg1 = 0, and zg0 = g0, zg1 = g1. This extension does not split.
Applying induction to this gives the non-split extension IndLLσ(G, c) of Sµ+1
by Sµ, which is contrary to the assertion in [12, Example 1]. Explicitly, we put
E = 〈e00, . . . , e
0
p−1, e
1
0, . . . , e
1
p−1〉 with action te
0
n = (µ − n)e
0
n, xe
0
n = ne
0
n−1 + e
1
n,
ye0n = e
0
n+1, ze
0
n = e
0
n, te
1
n = (µ+1−n)e
1
n, xe
1
n = ne
1
n−1, ye
1
n = e
1
n+1 and ze
1
n = e
1
n.
It is easily checked that this is an L-module extension of Sµ+1 by Sµ. The L
σ-
submodule 〈e00, e
1
0〉 ≃ G does not split, so E cannot split. If instead of A, we use
the abelian ideal B = 〈y, z〉 and proceed similarly, we obtain a non-split extension
of Sµ−1 by Sµ.
BLOCKS OF REPRESENTATIONS OF LIE ALGEBRAS 15
The error in [12, Example 1] is in the statement that the action of element
ζ = zt+ xy on f ∈ Hom(Sµ, Sν) is given by ζf = (ν − µ)f . This is incorrect. The
element ζ does not act invertibly on Hom(Sµ, Sν).
5. Some unanswered questions.
For a finite group G and irreducible FG-module V , we have Hn(G, V ) = 0 for all
n unless V is in the principal block. By Theorem 3.5, we have the analogous result
for supersoluble Lie algebras and, in characteristic 0, direct sums of semi-simple
and supersoluble Lie algebras. It is natural to ask if this holds more generally.
Cagliero and Tirao have shown [9, Theorem 3.2] for an algebra L over a field
of characteristic 0 and irreducible module V , that Hn(L, V ) = 0 for all n unless
V is a composition factor of the exterior algebra on the radical of L. This raises
the question if all composition factors of this exterior algebra are in the principal
block, a partial converse to Theorem 2.6.
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